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-jectives

« Find the volume of a solid of revolution using the shell
method.

« Compare the uses of the disk method and the shell
method.
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The Shell Method
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Iiffle Shell Method

An alternative method for finding the volume of a solid of revolution is called
the shell method because it uses cylindrical shells.

A comparison of the advantages of the disk and shell methods is given later
in this section.
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The Disk & Shell Methods
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IifHe Shell Method e
Assume that the plane region in Figure 6.28 is p ?{5\}1,

revolved about a line to form the indicated solid. T

If you consider a horizontal rectangle Axis of

of width Ay, then, as the plane region revolution
is revolved about a line parallel to the

x-axis, the rectangle generates a . P
representative shell whose volume is — = ]

AV = 27 p(y)h(y)] Ay.

Solid of revolution

Figure 6.28
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Iiffle Shell Method

You can approximate the volume of the solid by n such shells of thickness Ay,
height h(yi), and average radius p(yi).

Volume of solid = E?*T p(y)h(y,)] Ay = 711'2[;}(1 Vh(y;)] Ay

=1 i=1

This approximation appears to become better and better as |A| - 0(n - =<).
So, the volume of the solid is

“galid = 2

Volume of solid Ilflll}ﬂ ?Tz[j} Jh(y,)]
Ii)

= Eﬂ'f [p(»)h(y)] dy.
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I The Shell Method

THE SHELL METHOD

To find the volume of a solid of revolution with the shell method, use one of
the following, as shown in Figure 6.29

Horizontal Axis of Revolurion Vertical Axis of Revolution

o [

plyIh(y) dy Volume = V = ETTJ- plx)hix) dx

il

Volume = V = 21rj

c

L..]. radius: p(x) = x
height: h(x) = f(x)

radius: p(y) =y
height: h(y) = f(y)

e

Horizontal axis of revolution Vertical axis of revolution

Figure 6.29
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The Shell Method

iy

I.r : [} L

Ay . Lllu:-
\Lru ¥h

i S -

‘ ] b
- Illrll ’
Horizontal axis of revolution Wertical axis of revolution
radius: p(y) =y radius: p(x) = x

height: h(y) = f(y) height: h(x) = f(x)
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-mple 1 — Using the Shell Method to Find Volume

Find the volume of the solid of revolution formed by revolving the region
bounded by y = x — x3 and the x-axis (0 < x < 1) about the y-axis.

So\w\-'\on on
next 'Faaes

Ax

h(x) =x - x3 {

iy Lol |
. (1,0}
plxi=x

Axis of
revolution

Figure 6.30
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-mple 1 — Using the Shell Method to Find Volume

Find the volume of the solid of revolution formed by revolving the region
bounded by y = x — x3 and the x-axis (0 < x < 1) about the y-axis.

Solution:

Because the axis of revolution is | 1
vertical, use a vertical representative ' Ax
rectangle, as shown in Figure 6.30.

The width Ax indicates that x is the o e

variable of integration.

il I.T: T (1.0)

Axis of
revolubion

Figure 6.30
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IEXample 1 — Solution

The distance from the center of the rectangle to the axis of revolution is p(x) = x, and
the height of the rectangle is h(x) = x — x3.
Because x ranges from 0 to 1, the volume of the solid is

I |
V= E:r.rj f)i.ﬂh{.r}rh' = Zﬁj xlx = ) dx Apply shell method.
It (]

cont’d

|
Y:‘&“As = Eﬂ'j (—x* + x?)dx Simplify.
\S K 0
5 |
= 27 —% + %L [ntegrate.
I | 4
=27 ——+ = S
2w(-3+3) -4
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Comparison of Disk and Shell Methods
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- Shell Method -vs- Disk Method

Shell Method: Use the shell method if the equation is solved for the same
variable as the axis that you are rotating around.

For example: volume of the area bounded by y = -3x2+8x and y=0 and rotated
around the y-axis would be easiest using the shell method. (The upper and
lower limits for the integrand are on the axis you did not rotate around.)

Disk Method: Use the disk method if the equation is solved for the variable
that is not the axis you are rotating around.

For example: volume of the area bounded by y = -3x2+8x and y=0 and rotated
around the x-axis would be easiest using the disk method. (The upper and
lower limits for the integrand are on the axis you rotated around.)
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[

Di sk / Washer \
Method Sr\l(\\:}\’kod

Rotore '

a\obu(\_' S x=$ S ¥"§-

K=OXN\S Jimiks Groma ¥=ax\ S |im'\'\'s Srovn \f—d\x-\ S
Qo‘\-u\(

a\oo\;\‘. S ‘}r:s S}S;_S_ o

-4 | limirs €om 7-0«'\5

\.""\.\'\‘s Trom X—d\\(.\S




6.3 Smartboard lesson.notebook March 11, 2015

Find the volume of the area bounded by
y = -3x2+12, y=0 & x=0 rotated about the
X-axis.

Example 2: Find the volume of the area
bounded by y = -3x2+12, y=0, & x=0 rotated
about the y-axis. §

Disk Method: SA: :ﬁ? 12 Di;k Method:
12 5
Tgﬁ_—,\if 1A\/ = gil_f m S(—’bxﬁDb dx=1534LT
Shell Method: B Sh?ell Method:
2 12
;“‘SX("*‘ €) dx=4 M S Y=Ly dy=1534T
> — )
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Example 3:
Find the volume of the area bounded by
y = -3x2+8x and y=0 rotated about the y-axis.

- Disk Method:
DisWEod: i
CA“"‘- Sol\"e ’6?' [ 3 -
X, S0 wWe can't | ’lTi(—szﬂ'b dy=127.04|
' wthod:

use this metho).
cant+ solwe for %,

Shell Method:
Vs
I”X e (—-S;Z' «-K% AKI‘:"q.LISI So wWe can't use
> Hus mend .

Find the volume of the area bounded by
y = -3x2+8x and y=0 rotated about the x-axis.
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-nparison of Disk and Shell Methods

For the disk method, the representative rectangle is always perpendicular to the axis of revolution,
whereas for the shell method, the representative rectangle is always parallel to the axis of revolution.

¥

¥ ¥

f V= :TJ::IIH: — iy V= __’-'.f!'J’.:_I.rrh r f V= :#_[I'IJ';.I'.' iy

o i LY
Ax AXi d|===
1 Ay
R+ ]
P :
r - ‘T -
i I 1 P i It
X = i A - - I - L. = T
I b i a b
Vertical axis Horizontal axis Vertical axis Horizontal axis
of revolution of revolution of revolution of revolution
Disk method: Representative rectangle is Shell method: Representative rectangle s
perpendicular to the axis of revolution. parallel to the axis of revolution,

Figure 6.32
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-mple 4 — Which method is best?

: Forl<y<s2:

Find the volume of the solid formed by revolving f:m

the region bounded by the graphs of y = x2 + 1,
y=0,x=0,and x=1

about the y-axis. P
r=1
The washer method requires two | \ -
integrals to determine the volume :
of this solid. See Figure 6.33(a). Axis of

revolution

Disk method

Figure 6.33(a)
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-ample 4 Solution: Disk/\Washer Method

I 2
V= ‘.?Tf {1: - {]2) f.l"_\‘ + ?Tf []: - [\f y — | )2] {.l'r_‘l." Apply washer method.
0 1

I 2
= 1TJ. | dy + ﬂ'j (2 _'I-'} dy Simplity.
0 I

1
11" ‘r‘ +
: b ;

2
2y — —
: 2

Integrate.
A1
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-mple 4: Use the Shell Method: |

; 14 (1,2)

Find the volume of the solid formed by ) = x
revolving the region bounded by the graphs N
ofy=x2+1,y=0,x=0,and x =1 1 1]

about the y-axis. ,_
h(x)=x"+1

SO'U\'HO'\ oNn L ,
next Paae_ hxierk

revolution
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-mple 4 Shell Method Solution

In Figure 6.33(b), you can see that the shell method
requires only one integral to find the volume.

I
V= ZWJ‘ plx)hi(x) dx Apply shell method.

1
= EWJ x(x2 + 1) dx
1]

Integrate.

March 11, 2015

hx)=x"+ 1

Axis of
revolution

Shell method

Figure 6.33(b)
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-tating around a different line:

 When rotating around a different line (instead of an axis), the only thing
that changes is the radius. The height and the limits stay the same.

» All you need to do then is change the radius to whatever the line is
minus X (ory).

21
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-tating around a different line:

» Use the shell method to find the volume of the solid generated by
revolving the plane region about the indicated line.

y=+x, y=0, x=4, aboutthelinex=_06

\ A\ o X%
SRy R AP

AW

M= D) Mo
(o)
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